We calculate the next-to-leading order (NLO) radiative correction to the color-octet h c inclusive production in e + e − annihilation at Super B factory, within the nonrelativistic QCD (NRQCD) factorization scheme. The analytical expression for the NLO short-distance coefficient accompanying the color-octet production operator O hc 8 ( 1 S 0 ) is obtained after including both virtual and real corrections. The NLO correction from the color-octet channel is found to be positive and substantial. The h c energy spectrum from our NLO prediction is plagued with the end-point divergence, thus unphysical. With the aid of the soft-collinear effective theory (SCET), those large threshold logarithms are resummed to the next-to-leading logarithmic (NLL) accuracy. Consequently, we obtain the well-behaved predictions for the h c energy spectrum in the whole kinematic range, which awaits the examination in the forthcoming Belle 2 experiment.
I. INTRODUCTION
The h c (1P ) meson, the lowest-lying spin-singlet P -wave charmonium, is the last member found among the charmonium family below open threshold. The first hint about its existence was reported in the process pp → h c (→ J/ψπ 0 ) by the Fermilab E760 experiment in 1992 [1] . Finally in 2005, the h c state was firmly established through the process pp → h c → η c γ in Fermilab E835 experiment [2] , as well as through the isospin-violating charmonium transition ψ(2S) → h c (→ η c γ) + π 0 in CLEO-c experiment [3] . Later this decay chain was confirmed in the BESIII experiment with much large data sample [4, 5] . To date, the most accurately measured mass and width of h c are M hc = 3525.38 ± 0.11 MeV and Γ = 0.7 ± 0.4 MeV [6] . Two exclusive decay channels, the dominant E1 transition h c → η c γ, and the OZI-suppressed annihilation decay h c → 2π + 2π − π 0 , have been measured, with the corresponding branching fractions B(h c → η c γ) = (51 ± 6)%, and B(h c → 2π + 2π − π 0 ) = (2.2 +0.8 −0.7 )%, respectively [6] . It is worth mentioning that, the 1 P 1 counterparts in the bottomonium family, the h b (1P, 2P ) mesons, have also been recently established via di-pion transition from Υ(5S) in the Belle experiment [7] .
It is interesting to ask whether one can possibly understand various dynamical aspects of the h c meson from the first principles of QCD. In fact, nonrelativistic QCD (NRQCD) [8] , the modern effective field theory to describe the slowly-moving heavy quark-antiquark system, is the appropriate model-independent framework to tackle a multi-scale system exemplified by the charmonium state h c . Furthermore, the NRQCD factorization approach [9] , originally developed by Bodwin, Braaten and Lepage, provides a powerful and systematic language to describe the inclusive quakonium production and decay processes, which has been fruitfully applied to uncountable charmonium phenomenology in the past two decades [10] .
For the dominant decay channel h c → η c γ, there have been many preceding studies based on the classic multi-pole expansion picture in the quark potential models [11] . Recently, the radiative and relativistic corrections to the inclusive hadronic widths of h c,b have been investigated in the NRQCD factorization framework [12] . On the other hand, h c production in various collision environments have also been extensively investigated in recent years. For instance, h c inclusive production in B meson decay [13, 14] , h c photoproduction [15] , h c hadroproduction [16] [17] [18] , inclusive h c production from e + e − annihilation [19, 20] , exclusive h c production from Z 0 decay [21] , via the double charmonium production in e + e − annihilation [22] as well as from Υ(nS) decay [23] .
The hadroproduction rate of h c is significant at LHC experiment due to huge partonic luminosity (A recent computation indicates that the gluon-to-h c fragmentation probability may reach the order 10 −6 [24] ). In sharp contrast to J/ψ(ψ ′ ) hadroproduction [25] [26] [27] [28] [29] , unfortunately it is rather challenging to reconstruct the h c events via its decay into η c γ due to the tremendous background at hadron collision experiments. In contrast, tagging h c is much more tractable in the e + e − machines than in hadron colliders. For example, the exclusive h c production process e + e − → h c π + π − at center-of-mass energy √ s = 4.170 GeV has been studied by the CLEO Collaboration, with the cross section measured to be 15.6 ± 2.3 ± 1.9 ± 3.0 pb [30] . They also found evidence for the process e + + e − → h c + η at 3σ confidence level. As a byproduct of studying this exclusive h c production channel, BESIII recently have found two charmonium-like resonances, namely the Y (4220) and Y (4390) [31] .
The forthcoming Belle2 experiment will accumulate a tremendous dataset near Υ(4S) energy. In this paper, we will focus on the inclusive h c production in e + e − annihilation at √ s ≈ 10.6 GeV. In the previous work, both the short-distance coefficients were computed for both color-singlet and color-octet channels at the lowest order (LO) in α s [19, 20] , and it was found the latter makes an overwhelming contribution with respect to the former. Therefore, it is helpful to know the next-to-leading order (NLO) correction in the color-octet channel. Moreover, to expedite the experimental search for h c , it is crucial to predict not only the total h c production rate, but also the differential h c energy spectrum.
The LO color-octet contribution to the h c spectrum is simply a δ-function. After including the real correction in the color-octet channel, the energy spectrum then becomes continuous over all allowed domain, however turns out to be singular near the upper endpoint, due to the radiation of the soft and collinear gluons. This signals a breakdown of fixed-order QCD prediction and failure of NRQCD expansion near this kinematic endpoint region. The aim of this work is thus two fold. First we extend the LO color-octet short-distance coefficient [19] to the NLO in α s , in a fully analytical manner. Secondly, we follow the recipe of the resumming large logarithms in the color-octet channel for the process e + e − → J/ψ + X near the endpoint regime [32] , which was formulated in the context of the soft-collinear effective theory (SCET) [33] [34] [35] [36] [37] [38] , to tame the endpoint singularity encountered in our case and finally predict a well-behaved h c energy spectrum. We hope our prediction will provide some useful guidance for future establishing h c in the Belle 2 experiment.
The rest of the paper is distributed as follows. In Sec. II, fixed-order calculation for the SDCs are presented within the NRQCD factorization framework. We first review the existing leading-order results for both color-singlet and octet channels. Then we show how to analytically deduce the NLO corrections to the color-octet contributions, including both virtual and real corrections. In Sec. IV, within the SCET framework, we show how to resum the large threshold logarithms to the next-to-leading logarithmic accuracy. In Sec. V, we present our numerical results for the total h c production rate and h c differential energy spectrum. We also discuss the observation prospects of the h c (1P, 2P ) in the forthcoming Belle 2 experiment. Finally we present summarize in Sec. VI. In the Appendix, we expound how we carry out the three-body phase space in d = 4 − 2ǫ dimensions to isolate the IR divergences.
II. NRQCD FACTORIZATION AND LO SHORT-DISTANCE COEFFICIENTS
A. NRQCD factorization for h c production Heavy quarkonium is a bound system predominantly composed of a pair of nonrelativistic heavy quark and antiquark. For charmonium, the typical velocity of the charm quark inside a charmonium is roughly v 2 ≈ 0.3, so NRQCD expansion may not perform particularly well. According to the NRQCD factorization [9] , the inclusive production rate of h c can be factorized as a sum of products of the perturbatively-calculable short-distance coefficients (SDCs) and the non-perturbative NRQCD long-distance matrix elements (LDMEs), which are organized in power series of v. At the lowest order in v, the differential cross section for producing h c can be written as [9] dσ[e
where Figure 1 : Representative Feynman diagrams for the cc(n) production from e + e − annihilation, for n = 1 S
0 and 1 P
1 .
production operators in NRQCD are defined as [9] 1
where ψ and χ denotes the Pauli spinor fields that annihilate a heavy quark and create a heavy antiquark, respectively. 
Being the infrared-finite SDCs, dF 1 and dF 8 are insensitive to the long-distance hadronization effects, thus can be determined through the standard perturbative matching procedure. One can replace the physical h c state in (1) by the free on-shell cc pairs with quantum numbers 1 S 
1 , computing both sides of (1), demanding both perturbative QCD and perturbative NRQCD to generate identical results. Ultimately, one can solve these two linear equations to ascertain the two SDCs, order by order in α s . Here we stress that it is crucial to include the color-octet contribution, otherwise the uncancelled IR divergences emerging from the color-singlet channel would impede the predictive power of NRQCD. For the computation in the QCD side, it is convenient to employ the covariant projection technique [41] to project the cc amplitude onto the intended 2S+1 L J state. Throughout this work, Dimensional Regularization (DR), that is, to work in the spacetime dimensions d = 4 − 2ǫ, is adopted to regularize both UV and IR divergences.
A kinematical simplification also arises from the s-channel nature of this process. As long as we are only concerned with the h c energy distribution, one can reexpress the h c production rate from e + e − annihilation in terms of that from virtual photon decay [42] :
where the center-of-mass energy of the e + e − system is denoted by √ s.
Some representative Feynman diagrams for the cc(n) production from e + e − annihilation in both color-singlet and color octet channels are shown in Fig. 1 . Due to the odd C parity of the h c meson, the color-singlet channel starts at O(α 2 s ), while the octet contribution starts at O(α s ). In the rest of this section, we will briefly review the LO results for F 8 and F 1 , which were first analytically computed in Ref. [19] .
B. LO SDC in the color-octet channel
At LO in color-octet channel, we only need consider
0 )+g. The differential two-body phase space in d dimensions reads [19] 
where
. r ≡ 4m 2 c /s is introduced for notational convenience. For future use, we also define the energy fraction variable z ≡ 2P 0 / √ s, where P µ = (P 0 , P ) represents the four-momentum of the cc pair.
The LO squared quark amplitude turns to be
where e c = 2 3
is the electric charge of the charm quark, C A = 3 and C F = 4 3 are color Casimirs. Integrating (6) over the two-body phase space in (5), we obtain
The factor 1 3 accounts for averaging over three polarizations of γ * . Comparing both sides of (1) for the color-octet channel, taking the d → 4 limit, we then deduce the LO SDC accordingly:
In the high energy limit, the integrated SDC reads
C. LO SDC in the color-singlet channel
To determine the LO SDC in the color-singlet channel, we need consider e + e − → cc( 1 P
1 ) + gg. The IR divergence appears in the upper endpoint of the h c spectrum, when one of the gluons becomes soft, which is handled by DR [19] . Finally, as a virtue of the famous color-octet mechanism of NRQCD, the single IR pole is factored into the color-octet LDME. As a remnant of this IR divergence, the SDC F 1 acquires a logarithmical dependence on the NRQCD factorization scale µ Λ . The differential SDC dF 1 /dz is somewhat too lengthy to be reproduced here, and we refer the interested readers to Ref. [19] for more details. Here we just list the integrated color-singlet short-distance coefficient:
It is enlightening to see the asymptotic behavior of F LO 1 in the limit high energy limit:
Note the occurrence of the ln r inside the bracket is linear.
III. ORDER-α s CORRECTION TO THE COLOR-OCTET CHANNEL
In this Section, we are going to calculate the NLO radiative corrections to the color-octet SDC short-distance coefficient dF 8 . The NLO corrections include the real correction
0 ) + gg(qq) together with the one-loop virtual correction to
0 ) + g. The UV divergence appearing in the virtual correction would be removed by the renormalization program, while the IR singularities would cancel away when summing both real and virtual corrections.
During this work, we generate the decay amplitudes using the ppackage FeynArts [43] , and employ the the package FeynCalc [44] to conduct the contraction of Lorentz indices and traces over the Dirac matrices.
We note that the NLO correction to e + e − → cc( 1 S
0 ) + gg has already been computed by Zhang et al. [45] about a decade ago. Nevertheless, those authors employed a purely numerical recipe, and our goal is instead to present fully analytical results for the SDCs. Our final numerical result agrees with what is given in Ref. [45] .
A. Real corrections
There are more Feyman diagrams for
0 ) + gg(qq) than the color-singlet channel, due to color-octet feature of the cc pair. One of the real-emission diagrams is shown in Fig. 1 . In this section, we will briefly explain how we derive the analytic results by integrating the squared amplitudes over the three-body phase space in DR, closely following the recipe outlined in Ref. [19] . Some specific technical details are presented in Appendix A. To ensure the correctness of our results, we also redo the calculation numerically, utilizing the two-cutoff phase space slicing method [46] , and find the full agreement.
First, we introduce two additional fractional energy variables x 1 and x 2 besides z:
where k 1 and k 2 represent the momenta of the final-state gluons (light quarks) in real emission process. These variables are subject to the constraint x 1 +x 2 +z = 2, by energy conservation. For convenience, we separate the squared amplitude for γ * → cc S
(8) 0
+gg into four pieces:
The first term I SC (x i , z) would potentially yield both soft and collinear divergences upon phase-space integration. The second term I S (x i , z) would potentially yield only soft singularity upon integration, when one of the gluon becomes soft. The third term I C (x i , z) would potentially generate collinear singularity only, when two gluons become collinear to each other. The last term I Fin will not lead to any divergences, so we can perform the phase space integration in 4 dimensions. These integrands explicitly read
Integrating (13) over the three-body phase space, we havê
where dΦ 3 significes the differential three-body phase space as shown in Eq. (A.1). We have also included a factor to account for the indistinguishability of final-state gluons. Concretely, the "divergent" and "finite" pieces in (15) are defined bŷ
After integrating the squared amplitudes over x 1 in (16), we then arrive at the following energy distribution:
where the "+"-function is defined aŝ
where g(z) is a smooth test function. Note the occurrence of the double IR poles in (17a), reflecting the simultaneous emergence of the soft and collinear singularities right sitting in the endpoint z = 1 + r.
Integrating Eq. (17) over z, we then obtain the integrated real emission cross section:
Likewise, we can carry out the similar manipulation for the process γ * → cc( S
where n f = 3 represents the inclusion of three light flavors u, d and s. After integrating (20) over the the three-body phase space integral in (A.1), we find
Unlike the case forσ (8) ,gg R , here only the single IR pole is present, indicating only the collinear singularity arises in the cc( 1 S
B. Virtual corrections
To render finite predictions, the IR singularities encoded in Eq. (17) and (21) encounter in the real corrections should be canceled by including the one-loop virtual corrections. One typical one-loop diagram for e + e − → cc( 1 S
0 ) + g is shown in Fig. 1 . Upon including the quark mass and QCD coupling constant renormalization, and with the aid of LSZ reduction formula, the UV divergences in the virtual correction amplitude will be eliminated.
Upon calculating the loop diagrams, the partial fraction of the integrand is performed with the aid of the the package $Apart [47] and the integration-by-part reduction is facilitated by the package FIRE [48] . The resulting master integrals are calculated analytically, against which are checked numerically by the package LoopTools [49] .
After squaring the amplitudes and integration over the two-body phase space, we obtain
where M 1 denotes the renormalized one-loop QCD amplitude, which can be readily computed in an analytic fashion. After some manipulation, we can deduce the differential cross section from the virtual correction:
n f is the one-loop coefficient of the QCD β-function. Note here the 1/ǫ poles are purely of infrared origin.
C. Adding real and virtual corrections
It is time to sum up the real corrections from the gg/qq channels, which are encoded in (17) and (21), and the virtual correction (24) . As anticipated, all the double and single IR poles cancel, and we end up with the following differential cross section: 
After integrating (25) over z, we then get the integrated SDC F NLO 8 at NLO in α s :
As mentioned before, the numerical value of F NLO 8
in Eq. (26) was also obtained in Ref. [45] . When taking their input parameters, our result is consistent with theirs.
In the √ s ≫ m c limit, the integrated SDC F NLO 8 assumes the following asymptotic form:
In contrast to F 1 asym , a double logarithm ln 2 r has arisen.
From Eqs. (11) and (27) , one see that in the asymptotic limit,
Since ln 2 r ≫ | ln r| asymptotically, this result may indicate that the color-octet channel dominates the inclusive h c production rate over the color-singlet one, at sufficiently high energy. The occurrence of ln 2 r at NLO strongly suggests that, it appears to be desirable to resum these types of double logarithms to all orders in α s in the color-octet channel. We believe the appropriate formalism to achieve this goal is the double-parton fragmentation approach [50] [51] [52] .
IV. END-POINT RESUMMATION FOR COLOR OCTET CHANNEL
When we reach the end-point region in which z → 1+r and the h c carries its maximally allowed energy, fixed order calculations are plagued with large threshold logarithms of the form j<i α i s log 2i−j (1 + r − z)/(1 + r − z) + . To provide reliable predictions, these threshold logarithms have to be resummed to all orders. In this section we resum those logarithms to the next-to-leading-logarithmic (NLL) accuracy within the SCET framework [33] [34] [35] [36] [37] [38] .
Following Ref. [32] , the factorization theorem for the color octet h c production is found to take the form dσ dz ′ =σ
where we have introduced
Here H is the hard function normalized to 1. The hard function which encodes the virtual corrections can be calculated perturbatively. Its one-loop results and anomalous dimension γ H can be extracted from Eq. (24) . S and J stand for the shape and jet functions, respectively. The shape function S (8, 1 S 0 ) (ℓ + ) is defined in terms of ultrasoft fields that carry O(Λ QCD ) momentum
where the ultrasoft covariant derivative can be written as
us and the lightlike vectors are defined as n µ = (1, 0, 0, −1) andn µ = (1, 0, 0, 1). χ and ψ are the heavy quark fields to creates a heavy quark and antiquark defined previously while a † hc a hc is the projector to project onto the final h c state. The normalizations of the shape function is written aś dℓ + S(ℓ + ) = 1. The jet function describes the collinear radiations recoil against the h c in the threshold region. The jet function is independent of the state of the charm quark-antiquark pair and is defined as
where the subscript ⊥ denotes the perpendicular direction, the superscript (0) denotes the bare field, and B µ ⊥ is the collinear gauge invariant effective field which can be written as · A n,q (x) . Here P is the projection operator which picks out the large component of the momenta to its right [34] .
The one-loop anomalous dimension γ J for the jet function can be found in Ref. [32] , while the anomalous dimension for the soft function can be inferred from the consistency condition
To resum the large end-point logarithms, all components H, J and S in the factorization theorem will be evolved from their natural scales µ H , µ J and µ S to a common scale µ to evaluate the cross section, following the renormalization group (RG) equation
where i runs over the hard (H), collinear (J) and the soft (S) modes. The scales µ H , µ J and µ S set the initial condition for the RG running and are chosen to minimize the logarithms in the higher order corrections to H, J and S, respectively, which is found to be of order
where we have set M = 2m c . After combining all pieces and assuming µ J = √ µ H µ S , we arrived at a compact form for the NLL cross section, which reads
where γ E is the Euler constant and we define the auxiliary parameters
andS and A i are found to bē
Up to NLL accuracy, A H , A J and A S are obtained by truncating out the α s term and replacing γ 0 in A γ with γ
Last we note that when
, the process-independent shape function becomes non-perturbative and therefore a non-perturbative model S non−pert. is required for describing the non-perturbative soft radiations and the resummed cross section is modified as dσ
where the non-perturbative shape function is adopted by a modified version of a model used in the decay of B mesons [53] S non−pert. (ℓ . The band represents the theoretical uncertainty due to the variation of the coloroctet LDME.
V. NUMERICAL RESULTS
In this Section, we present the numerical predictions for the differential and total cross sections for the inclusive h c production at Belle 2 experiment, √ s = 10.58 GeV. We take the running QED coupling constant α( √ s) = 1/130.9 [58] , the charm quark mass m c = 1. , we fix the NRQCD factorization scale to be µ Λ = m c . However, this LDME bears a large uncertainty. In Table I , we present some benchmark choices of the octet LDMEs O hc(1P ) 8
and the corresponding integrated cross sections. In Fig. 2 , we also show the dependence of the total cross section on the renormalization scale µ and the color-octet LDME. From Table I and Fig. 2 , we find that the cross section of the inclusive h c production rate at B factory energy is rather sensitive to the color-octet LDME. Therefore, the future measurements of this inclusive h c production at Belle 2 may provide a good place to unearth the value of this color-octet LDME. In the other places of the paper, we will fix the value of this color octet LDMEs as O hc(1P ) 8
= 0.0098 GeV 3 . In Fig. 3 , we also show the scale dependence of the integrated cross section from each individual channel, at various perturbative level. The scale µ is varied from 2m c to √ s.
From Table I and Fig. 3 , one sees that the NLO QCD corrections to the color-octet channel are important, with a K-factor of about 1.8 and the color-octet contribution dominates the total production rate. It is noteworthy the color-singlet contribution in the MS scheme even becomes negative. To date, Belle 1 experiment has accumulated an integrated luminosity about 711 fb −1 at √ s = 10.58 GeV. Thus, from our calculation, around (0.9 − 1.0) × 10 5 h c (1P ) events should have already been produced. Furthermore, we expect that roughly (6 − 7) × 10 6 h c (1P ) events will be produced, when the designed luminosity reaches 50 ab −1 at √ s = 10.58 GeV in the forthcoming Belle 2 experiment. Such a huge dataset of h c events may allow experimentalists to measure the h c differential energy spectrum. The h c energy distribution from fixed-order prediction is plotted in Fig. 4 , where the end-point enhancement near z → 1 + r can be readily visualized. The end-point divergence clearly indicates the breakdown of the fixed-order perturbative prediction near the maximal energy of h c .
For the color-octet channel, the large endpoint logarithms can be resummed to the NLL accuracy within the SCET framework, as was expounded in Section IV. Consequently, the endpoint divergence problem can be resolved accordingly. Away from the endpoint region, we merge the scales µ S = µ H = µ J = µ to turn off the resummation effect; on the other hand, while near the end point, we truncate the soft scale µ S to around 1 GeV, to avoid the Landau pole. To account for the nonperturbative effects, we implement the non-perturbative shape function model following Ref. [32, 53] . We further match the NLL resummation with the NLO results to obtain the prediction for the full spectrum. The NLO + NLL cross section is plotted in Fig. 5 , where the two sets of parameters for shape function are adopted, (a = 5/2, b = 3/2) and (a = 3, b = 2), respectively. We can see that the unphysical enhancement near the kinematic endpoint is removed after resummation.
It is curious whether and how the h c (2P ) meson, the first radially-excited spin-singlet Pwave charmonium, could be observed at Super B factory. To reconstruct the potential h c (2P ) events, one potential useful decay chain is h c (2P ) → η c (2S)γ, followed by η c (2S) → h c (1P )γ, h c (1P ) → η c γ, and η c → K + K − π 0 . These decay channels are relatively clean, which hopefully will be helpful for hunting the elusive h c (2P ) state.
The above theoretical formulae can be readily transplanted to predict the inclusive production of h c (2P ) meson. In order to predict the inclusive h c (2P ) production rate, we adopt the color-singlet LDMEs O hc(2P ) 1 [19, 59] . It is rather difficult to accurately pin down the value of the color-octet LDME for h c (2P ), and we follow the very rough estimation based on the renormalization-group equation in Ref. [19] , and get the value O 
VI. SUMMARY
In this paper, we compute the NLO perturbative correction to the color-octet h c inclusive production in e + e − annihilation at the B factory energy, within the NRQCD factorization framework. We are able to deduce the NLO color-octet SDC in a closed form. The NLO correction from the color-octet channel is found to be positive and important. Around 10 7 h c (1P ) and h c (2P ) events are expected with the projected 50 ab −1 luminosity at √ s = 10.58 GeV in the forthcoming Belle 2 experiment. It will be interesting to observe these P -wave spin-singlet states in the inclusive production. Nevertheless, the h c energy spectrum predicted from our NLO calculation is plagued with the end-point enhancement, which implies the failure of fixed-order calculation near the maximal energy of h c . With the aid of the SCET formalism, these large endpoint logarithms are resummed to the next-to-leading logarithmic accuracy. Consequently, in conjunction with the nonperturbative shape function models, we obtain the well-behaved predictions for the h c energy spectrum in the entire kinematic range, which awaits the examination in the forthcoming Super Belle experiment. 
